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Abstract

In this paper, we implement the improved Elzaki transform decomposition method for the analytic
solution of gas dynamic problems. The method merges the properties of the Elzaki Transform method
and Adomian decomposition method. The method requires no additional work stress such as
perturbation, linearization or discretization and proves very effective in resolving the gas dynamic
equations. The resulting numerical evidences show that the method converges favourably to the
analytic solution. All computations are implemented with maple 18 software.
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Introduction

The business of modeling in mathematics
cuts across every field of science and
technology. The gas dynamic equation is
one of such models that find itself in
abrasive blasting, gas pipeline, aircraft, jet
engine, rocket motors, etc. As such,
resolving this equation is of keen interest
to scientists. Available analytic methods
for these equations are often restricted and
complex in evaluation. In this regard,
numerical methods have been deemed
more efficient and reliably available in
resolving the gas dynamic equations.
Popular available numerical methods
include the Adomian decomposition
method (ADM) (Adomian, 1994; Adomian
and Rach, 1992; Mohammed and Khlaif,
2014; Ogunfiditimi, 2015), the variation
iteration method (VIM) (Matinfar et al.,
2011; Noor and Mohyud-Din, 2009), the

homotopy perturbation method (HPM)
(Jafari et al,. 2008; He, 2008), etc.

In this paper, the Elzaki transform
decomposition method is implemented in
the approximation of the analytic solution
of the gas dynamic equations. The method
merges the properties of the Elzaki
transform method (Ziane and Cherif, 2015;
Elzaki and Elzaki, 2011la and 2011b;
Elzaki, 2012) and the Adomian
decomposition method. The method
replaces the nonlinear terms with the
Adomian polynomials, and writes the
solution as the partial sum of the resulting
iterates. The method converges favourably
to the analytic solution. The method is
explicit and reliable as it avoids
perturbation, linearization or
discretization.
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Methods

Preliminaries

i. Letu(t)for t = 0, then the Elzaki
transform (Elzaki and Elzaki, 2011a and
2011b) of u(t) (denoted by E[u]) isa
function of s defined by

E[u(®)] = s [ u(t)e tdt.

ii. The Elzaki transform of partial
derivative is obtained by integration by
part as shown in Ziane and Cherif (2015).
That is,

Elu:(x,t)] = %D(x, r) —ru(x,0),

Eluge(x, )] =  D(x,7) — 111, (x, 0) —

u(x, 0),
where
D(x,1) =
D, (x,1) = r’; - Z r2-n+ky (9(0),
k=0

iii. Some of the Elzaki transform
properties can be found in Elzaki and
Ezaki (2011b) and Ziane and Cherif
(2015), and are given as;

a. E[1]=1r?
b. E[t"] = n!r"t?

c. ETlrm?2 =L

n!’

The above properties will be beneficial in
applying the Elzaki transform
decomposition method for the Gas
dynamic equation in sections 2.4.

iv. To aid our computations, we highlight
few standard Elzaki transform for some
special functions found in Elzaki (2012).

Table 1: Special functions versus Elzaki transform equivalent

Special Functions Elzaki Transforms
u(t) Efu(®)] = D(r)
t“_l’ a>0 ratl
T'(o)
n-1,at +1
—n=12,. r
e (1—ar)®
sinat au’
1+ a?r?
cosat r?
1+ a?r?
sinh at ar3
1— a?r?
cosh at ar?
1— a?r?
eat T‘2
1—ar
The Adomian Decomposition Method
Consider the standard operation Lu(x,t) +
Ru(x,t) + Nu(x, t) = f(x,t),

(1)
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with given prescribed auxiliary conditions,
L is the highest order derivative which is
assumed to be invertible, R is the linear
term of order less than L, Nu(x,t) is the
nonlinear term, and f(x,t) is the source
term (Adomian, 1994; Adomian and Rach,
1992; Mohammed and Kbhlaif, 2014;
Ogunfiditimi, 2015).

Applying the inverse operator L™t to both
sides of equation (1), and using the
prescribed conditions, we obtain,

u(x,t) = LY (f(x,t)) —
L Y(Ru(x, 1)) — L™ (Nu(x, 1)),
2

The standard Adomian defines the solution
u(x,t) as

u(x,t) =
Y=o Un(x, 1),
©)

and the nonlinear term as

Nu(x,t) =
(:l)=0ATL'
(4)
Elzaki Transform Method
Let us consider the nonlinear PDE of the

form

ak u(x t)

+ Ru(x,t) +
Nu(x,t) = f(x, t) k=1,234,.
()

with initial condition

9% lu(x,t)

k-1 = 9k-1
t=0
k=1,234,--

as in Ziane and Cherif (2015), where

k
2 ;‘t(ff't) is the partial derivative of u(x, t)

of order k, and is assumed to be invertible,

where A, are the Adomian polynomials
determined from the relation

A, =
Sl NE Ay )]
(5)
If we assumed the nonlinear term

Nu(x,t) = F(u(x,t) then the Adomian
polynomials are given as

Ao = F(uo(x, 1)),
Ay = 1wy (6, O F (1o (x, 1)),
4, =
u, (3, ) F (up(x,£)) +
GO0 £ (g (x, 1)),
(6)
As

= u3(x, )F (uo(x, 1))
+ uy (%, ) uy (x, OF "(ug(x, )

PO by, ),

Nu(x,t) is the nonlinear term, R is a
linear operator and f(x,t) is the source
term.

Applying the Elzaki transforms (see Elzaki
and Elzaki, 2011a and 2011b), we obtain

E [a U, t)] + E[Ru(x,t) +
Nu(x,t)] = [f(x t)]
8)

By preliminary (ii) we have
Elu(x, )] = Rihrotn TGl 4

rRE[f(x,t)] — r*E[Ru(x,t) + Nu(x,t)]
©)
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Applying the Elzaki inverse operator,
E~1on both sides of (9) we obtain

_ am ,0
u(x t) =F [Zk 1,.24n ;‘:z )] +

E- [ kE[f(x,t)] E- 1[ KE[Ru(x,t) +
Nu(x,0]|,  (10)

where

Elzaki Transform Decomposition
Method (ETDM)

In this section, we will make an elegant
mixture of the Elzaki transform and the
Adomian decomposition method to be
tagged the Elzaki transform decomposition
method. The method requires that the
linear and nonlinear terms in (11) are
replaced with

o]

Z u,(x,t)

n=0

and

!
n=0

respectively; where A, are the Adomian
polynomials which are determined from
using equation (6), and u,(x,t) are the
components ug, Uy, Uy, Us, ... ,Which are
determined recursively. Hence, equation
(10) can be written as

k-1
A[S 0
atm

+ g'ig[rkE[f(x, 0]]

0

> ) =

n=0

(11D

+ i A, (x, t)l
n=0

Results (Numerical Applications)

In this section, the Elzaki transform
decomposition method is applied to solve
homogeneous and non-homogeneous gas

0™u(x,0)
at" =0

is the partial derivative of the initial
condition.

Comparing both sides of equation (11), we
obtain

k-1
uo(x t) = E-1 r2+nM]

at™
n=0

“|reElf e 0)]]

uy (x,t) = — _l[rkE[RuO(x, t)

+ 4o (x,0)]|

uy (x,t) = —E‘l[rkE[Rul (x,t)
+ 4,(x, 0]

Upr (X, t) =
—E‘l[rkE[Run(x, t) + A, (x, t)]],k =
1,23,--,n=>0 (12

Thus, the approximate solution can be
written as

u(x,t) =
Zﬁ=0 Un (x, t)

*. (13
- E‘ll\lr"ELQ Z un((x,?f)

as N — o, =0

dynamic equation. Numerical results are
compared with the homotopy perturbation
method (HPM) in Jafari et al., (2008) for
same problem.
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Homogeneous gas Dynamic equation
(Jafari et al., 2008):

Consider the given equation

ou | 1002)
ot 2 0x
u(l—u)=0,0<x<1,t>0,
(14)
with initial condition
u(x,0) = e,

The exact solution is
u(x) = et™*.

Applying the Elzaki transform on both
sides, we have

du(x,
[ ug; 2 +E [—u(x, t)
19(u?(x, 1))
+ <E 0x

+ u?(x, t)>l =0

By preliminary (ii), we have
Elu(x, )] = r?u(x,0) —
rE K%a(%(;t)) + u?(x, t)> —u(x, t)l
(15)

Applying the Elzaki inverse operator, E~1
on both sides of (15) to obtain

u(x,t) = E"Yr2e ] —

1 6(u2(x,t)) )
l(ET + u“(x, t)) -

u(x, t)” (16)

By preliminary (iiic), we have

E-Y|rE

E7Yr2e™*] = e *E[r?].

Hence,

u(x,t)y =e™* -

rE K%—a(u;(:'t)) + u?(x, t)) -

u(x, t)” a7

E—l

By the Elzaki transform decomposition
method, equation (17) can be written as

uO(x' t) = e_x;
un+1(x: t) =
—E7YrE[An(x, ) + up(x,0)]], n = 0.
(18)

Hence, for n =0, we first compute 4,
using the algorithm in equation (6). Thus,

_10@d)

A, =
72 ox

+ui=0
This implies that
uy(x,t) = —E"Y[rE[-e™™]] = te™

Forn=1,

d (10(u§)
1—&(5 ax +u0 u1—0.

Thus

u,(x,t) = —E"l[rE[—e‘xt]]

— 5 17,471 — _ ,—
=e*E [r]—z!e"
Forn =2, A, = 0. Hence
t2
us(x,t) = —E~1 rElEe‘xl
£3
— ,—Xr—-11,.51 — __ ,—x
=e*E [r]—3!e

Continuing the above for n > 3, we obtain

FUPRE Journal of Scientific and Industrial Research Vol.1, (1), 2017. Page 82



Njoseh and Mamadu: Improved Elzaki Transform Decomposition Method for the Analytic Solution of Gas
Dynamic Equations

1
u(x,t) = e * +te ¥+ Ee"‘t2

+ie‘xt3 + ie""t“ + -
3! 4!

=(1+t+%t2+

(19)

Inhomogeneous gas Dynamic equation
(Jafari et al., 2008)
Given the equation
ou , 10u?
etz wl-w=
™), 0<x<1, t>0,
(20)

Applying the Elzaki transform on both
sides, we have

E[auf;;’ 2 +E |—u(x, t)
19(u?(x, 1))
* (E 0x
+ u?(x, t)) = —E[et™™]

By preliminary (ii), we have

Elu(x,t)] = r?u(x,0) — rE[e* ] —
rE K%w + u?(x, t)> —u(x, t)l
(21)

Applying the Elzaki inverse operator,
E~1on both sides of (21) we obtain

u(x,t) = E 1 [r?2(1—e™®)] -

2
E-[rE[et]] - B |rE K;—"’(“;;"”) "

u?(x, t)) —u(x, t)” (22)

It is obvious that for n >0, the
approximate solution converges rapidly to
the analytic solution. This same result was
equally obtained in Jafari et al., (2008)
using the method of homotopy
perturbation.

with initial condition

u(x,0) =1-—e7*,
The exact solution is

u(x) =1—et™,

u(x,t) = E7[r2(1—e )] -

2

u?(x, t)) —u(x, t)”(23)

By preliminary (iv), we have

Hence,

u(x,t) = E7r?2(1 —e™)]

g [(1 )}

—E|rE Kla(uz(x' 2)

2 ox

+ u?(x, t)) —u(x, t)H

ulr, ) = B [r2(1 — )] + e B2 ()] -

1-r

E K%a(“zai"—'”) +u2(x, t)) —u(x, t)”
(24)

E—l

But,
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.r.3
E =1-¢.
R

Therefore, equation (24) becomes

ulx,t) =1 —-e™)+e*(1—e")

_ 10(u?(x,0))
2 dx

+u?(x,t) | —ulx, t)}

=1—et™—

6(u2(x,t))
(% —+ u?(x, t)) —u(x, t)”

(25)

E~1 lrE

By the Elzaki transform decomposition
method, equation (25) can be written as

u(x,0) =1—et*,

un+1(x: t) =
—E7YrE[An(x, £) — up(x,0)]],n = 0.
(26)

Discussion of Results

The Elzaki transform decomposition
method has been successively applied to
finding the exact solution of analytic
solution of homogeneous and non-
homogeneous gas dynamic equations with
less computation effort. From the result
obtained, we can authoritatively accent
that the Elzaki transform decomposition
method converges favourably to the
analytic solution. It gives the solution as a
convergent series which converges rapidly
to the exact solution. The method requires
no additional cost such as perturbation,
linearization or discretization.

Hence, for n =0, we first compute A4,
using the algorithm given in equation
(6).Thus,

19(ug)
0= 2 ox ug = 0.

Thus
u(x,t) = 0.
For n = 1, we also have that
uy(x,t) = 0.
Continuing the above process, we have
Ups1(x,t) =0,n=>0.

Hence,

u(x,t) =1—et™*,
(27)

Here, the initial approximate solution
gives the analytic solution. This same
result was equally obtained in Jafari et al.,
(2008) using the method of homotopy
perturbation for n > 0.

Conclusion

The method has been successively
implemented for obtaining the analytic
solution of gas dynamic equations. The
method, which merges the properties of
the Elzaki Transform method and
Adomian decomposition method proved
highly effective in resolving the gas
dynamic equations. This method can be
further explored to solve problems such as
stochastic partial differential equations,
nonlinear delay dynamic systems, delay
differential equations, etc.
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